The problem of determining the moments and the Fourier transforms of B-splines with arbitrary knots is considered. There exists a simple connection between the moments of such splines and the so-called extended Stirling numbers of the second kind which are defined in section 2. Some recurrence relations for the moments of B-splines with arbitrary knots are given in section 3. In the case of equidistant knots we have also further recurrences. For the forward, central and perfect B-splines the explicit formulas for the moments are given in section 3. The Fourier transforms of B-splines is treated in section 4. The final section is devoted to so-called Stieltjes series nonnegative weight function w(x) and such that f b w(x) dx > 0 in connected with the some closed interval [a, b]. It is proved that such series for the particular values of the independent variable may be expressed by the finite sums which contain the nodes and coefficients of the optimal (in the Davies sense) quadrature formulas.
INTRODUCTION AND NOTATION
Let Mj, k (x) denote the B-spline of Curry and Schoenberg with knots tj < tj +1 < ... e.g., [2] ). In this paper the problem ®f determining the moments of the B-spline Mj, k is treated. Without loss of generality we assume that the index j is equal to 0. The moments are closely related with so-caUed extended Stifling numbers of the second kind which are defined in the section 2. Some elementary properties of these numbers are also proved. We introduce the terminology "extended" since the word "generalized" is overused, and the word generalized was used in Carlitz' paper [1] .
In section 3 we give some recurrence formulas for the moments #1 ('") in the case of arbitrary knots of the B-spline M0, k. More recurrences hold for specified distribution of the knots. The exponential generating function for the moments #I (',') is also given in section 3. Let X (k,L; y) =ff~ M0,k(x)e dx (y~R, i=x/-~-) iyx denote the Fourier transform of the B-spline M0,k(X ). Such transform may be easily calculated (see proposition 4.1 and coronary 4.1). The Fourier transforms of the B-spline M0, k satisfy the differential equation of the first order (see proposition 4.2). For the forward, central and perfect B-splines closed formulas for their Fourier transforms are also given in section 4. In the final section we give some connection between the Stieltjes series formed for the B-spline M 0 k and coefficients and nodes of the optimal quadrature formulas, where the criterion of such optimality is due to Davies [3] (see also [20] ). Moments of the B-spline M0, k are important for two reasons at least. The first problem in which knowledge of such moments is necessary arise from the problem of the construction of convex interpolating splines with arbitrary order of convexity. This problem was treated by the author in [10] . The second problem is connected with the numerical determination of the orthogonal polynomials with the B-splines as a weight function. If the moments are known then such a system of orthogonal polynomials can be determined in (*) E. Neuman, Institute of Computer Science, University of Wro~aw, p1. Grunwaldzki 2/4, 50-384 Wrockaw, Poland.
a numerical way at least [15] . In the least square problem one should calculate the 1_ integrals of the form fa u f(x)M0, k (x) dx. For these calculations we can construct the Gaussian quadrature formulas with nodes as zeros of the orthogonal polynomials with M0, k as a weight function (see, e.g. [5] ). Some results of this paper were presented during the Conference on Approximation Theory held at The State University of Texas at Austin, J~nuary 8-12, 1980 . These results (without proofs) will appear in [11] .
EXTENDED STIRLING NUMBERS OF THE SECOND KIND
The Stifling numbers of the second kind S (n, k) can be defined by
These numbers are positive if I ,< k ,< n and zero for other values of k. The quantity S (n, k) is the number of partitions of n things into k non-empty sets. An explicit formula for S (n, k) is the following one
2) (see, e.g., [16] ). They satisfy the following recurrence relation S (n, k) = S (n-1, k-1) + kS (n-1, k) (2.3) (see, [16] ). For other recurrences for S (n, k) see, e.g., [6] and references therein. For our further aims we introduce so-called extended Stirling numbers of the second kind. Let t0,t I ..... t n be given reals such that t o < t I < ... <t n. For fixed value ofk ( 0 ~< k ~ n) let t = (t 0, t I ..... tk).
Definition 2. I.
The extended stMing numbers of the second kind S t (n, k) are defined by
We put S t (0, 0) --1 and S t (n, k) = 0 for k > n. The terminology in use is motivated by the obvious fact that S t (n, k) = S (n, k) for t = C0,1 ..... k) as it follows (2.4) and (2.1). From (2.4) and from the Newton interpolation formula one has
By the elementary properties of the divided differences and from (2.5) we get in particular From (2.5) one gets
Hence we obtain the desired result.
The numbers S t (n, k) can be expressed simply by tj. Namely
For the proof we use (2.5) and appeal to [14] Ex. 2.4.14.
Below we give the explicit formulas for the numbers S t (., .) for the special choices of t_ The first of them is contained in the following for aj and tj given as above. Next we are going in the same way as in the proof of the proposition 2.2.
Similarly as above we obtain from (2.9) as a bonus
Other properties of the extended StMing numbers of the second kind follow from the results which we give in the next section.
MOMENTS OF B-SPLINES
We begin this section by giving a simple connection between extended stMing numbers of the second kind S t (. ,.) and the moments/~1 (k, t) of the Bspline M n I-, where
Now we prove the following (k= 1,2 .... ), (1=0, 1 .... ).
Proposition 3. I
Letl=0,1 .... ; k=1,2 .... ; t=(t O ,t I ..... tk) (t o < t I < ... < tk). Then
Proof It is a well-known fact that if the function f ~ C k (R), then
(see, e.g., [2] ). Putting f(x) = x k + 1 we have
2) one gets (3, 1) . lI
The moment #l(k, t) may be expressed in a very simple way by the numbers tj, namely from (2.5) and the well-known formula for the divided differences one has k t.k+l/ S t_ (k +l,k) = j=0 y~ J C°k' (tj), k where ¢Ok(t ) -ilI__0(t -ti). Hence and from (3.1) we
(3.4) In particular from (2.7) and (3.1) we obtain
The formulas for g0(k,t) and/2 1 (k,t) are old and well known (see, [2] ). In [17] Schoenberg proved that the B-spline M0, k with 7rj (j = 0, 1 ..... k) is a perfect Bknots tj = -cos k spline. Proposition 2.2 and formula (3.1) produce the following expression for the moments of Such a spline f k,
Similarly from proposition 2.3 and formula (3.1) one (2j + 1) ~r 0=0, 1 ..... k) gets for aj = 2k + 2 Further, applying (3.1) we obtain after simple calculations the desired result (3.8). Putting in (3.3) n = 1 + 1, k = 1 we obtain 1 St (1+1,1) (1=0,1 .... ).
(3.12) Ul( i,2)=l+i -From the second formula in (2.6) we have S 2 (1+1,1)= (t~ +1 1+1
-t o )/(t i-t0).
Hence and from (3.12) we obtain (3.9).
Now we prove some recurrenc e relations which hold for the moments of the B-spline M0, k'
and (3.8)
At the beginning we prove the following recurrence Proof From (2.4) we obtain n j-i tn= ~ S t (n,j)1H=0(t,tl ). (3.14) j=0 -Putting t = tp, where p is arbitrary and such that 0 ~< p ~< n, we obtain from the above formula (3.14)
From the First formula in (2.6) and from (3.3) we obtain (3.13). Proof Differentiating (3.14) with respect to the variable t arid putting t = tp (p = 0, 1 ..... n-1) we obtain
Further with the help of (3.3) we obtain (3.15).
Other recurrence formulas for the moments of M0, k in the case of equidistant knots will be given below.
Hence by virtue of (2.5) we obtain (3.10). With the help of (3.10) we obtain S t (n, k) = S t (n-l, k-l) + tkS t (n-2, k-l) + t~ S t (n-2,k), and finally n-i tk_J_lst (j,k_ 1)" (3.11)
Let Yk(t) denote the exponential generating function for the moments ttl(k,t), i.e., oo yk(t) = ~ /.tl(k,t)t 1 l=0 _ 7., (k = 1, 2 .... ).
• We are able to prove the following Let f(x) = ext. Then f (1)(0) = t 1. Putting these quantities into the last equality, we obtain, by virtue of (3.16), the desired result (3.23).
In the Sequel of this section we give other recurrence relations for the moments Pl" The results of the foregoing play an important role in the proofs of some recurrences given below. Now we give other explicit formulas for the moments ~1 and also some recurrences if the knots tj ~ =0,1 ..... k) are equidistant. Let tj =j (j =0,1 ..... k). In this case the formula (3.18) yields
Following NSrlund [13] we define the generalized polynomials --t~ z) in the following way Bernoulli We have also the following recurrence formula for the moments #1 in the case when tj = j (j = 0, 1,... ,k).
Proposition 3.6
Under the same assumptions as in proposition 3.5 the following recurrence formula
holds, where B i denotes the i-th Bernoulli number.
_Proof From N~Srlund's result [13] follows that
(k,l= 1,2 .... ). Hence, by virtue of (3.25), the desired result (3.26) follows. With help of (3.267 and using the fact that B 0 = 1, 1 1 , B3= 0 we obtain
gt3(k,t ) = k2(k +1) (3.27) 8 Now let us assume that tj = -~-+j (j = 0,1 ..... k).
The B-spline with these knots is called central B-spline [18] . Moments of such a function are given in the following Hence and from (3.33) and (3.18) we obtain the desired result (3.32). With help of (3.32) one can prove the following recurrences for the moments/a 1 (k, t). We have
Proposition 3.9
Let t = (0, 1 ..... k). Then For the proof we put a = 0 in (3.32). Now we still assume that t...=jh (j = 0, 1 ..... k; h > 0). In this case we have the following
Proposition 3.10
Lett= (0, h ..... kh). Then
(1= 2, 4,...).
Proof
At the beginning we assume that the knots tj of the B-spline M0, k(t) are arbitrary. We define the sequence OO {@1 (t))1 =-1 in the following way 
. ). (3.38)
From the definition of the B-spline M0, k(t) we have
Applying the identity (x -t')+k-1 = (x_t)k-1 + (-1)k(t-x)+ k-1 2mz+l 2m+1) k J (3.39) we obtain the following formula for M0,
Hence we obtain (3.34) in the case 1 = 2m + 1. The (t-tj) -1 proof of (3.34) in the case 1 = 2m is quite similar to the above one. By (3.28) we have #2m (k'-t) =-D(-k)2m/22m' where _t is the same as at the beginning of this proof. From (3.32) we have also
Hence we obtain (3.34) in the case when 1 = 2m. Putting these values into (3.41) we obtain 
Proof
For the proof let us assume that t > t k. By (3.37) and (3.38) we obtain ft tk On(t )= Mok(t)dt= f Mo.k(t) dt+ ; Mn.k(t)dt=a0
(since M0,k(t) = 0 for t > tk). Further tk t = ft ~0 (t)dt= ft 0 q)0 (t)dt + f~ke~0(t)d t
¢1 (t) to
= ~l(tk) + a0(t-tk) = a I + a0(t-tk). Finally we obtain 1 aj (t -tk )1 -j
• l(t) = 2; j =0 (l-j)! (3.45) (1=0,1 .... ; t>tk).
Comparing with (3.40) we have for t/> t k
j=0 (l-j)! (3.46) Both sides in the above formula are polynomials of finite degree. If (3.46) holds for t ~ t k then it also holds for arbitrary t ~ R by the Lagrange interpolation formula. Putting (3.417 into (3.46) we obtain e hx-1 e hx-1 Now we take g(x) = , or g(x) = e x . We hx hx see from the above and from (3.18) that We give now some estimations and inequalities for the moments of the B-spline M0, k. They are contained ha propositions 3.12 and 3.13 given below. 
Proof
By virtue of (2.4) we have t n= ~ S t (n,j) JlI 1 (t-tl). j=0 -1=0 Putting in the above equality t = t k we obtain tl = k St (n,j)-?II 1 (t k-tl).
(3.55) j=0 -1=0 j-1 Since 1!0 (tk -tl) = 0 for j > k, from (3.55) we obtain after obvious calculations S t (n,k) = tl/k-1 k-1 k-1 1!0 (tk-tl)-j~0 St (n,j)/ II (tk-tl). Since t o > 0, then by virtue of (2.7) we have S t (n,j) t> 0 for all j = 0, 1 ..... k -1. Hence and from (3.56) we obtain S t (n,k) < tl/k-1 -110 (tk -tl)" (3.57) Putting in the above inequality n = k + 1 and applying (3.1) we obtain finally (3.537. For the proof of (3.54) we observe that ff t k > tk_l+ 1 then k:-I k-2 II (t k -tl)/> ~=j (tk-1 -tl). 1-j Hence and from (3.56) we have n k-I k-i k-2 S t (n,k) >i t k .
. . .
/ 1 II 0 (tk-tl) -j ~; 0 st (n,j)/llIj (t k_l-tl)" (3.58) Putting in (3.55) k-1 instead ofk we obtain after obvious calculations k-1 k-2 n k-2 Z S -1=0 j=0 t (n'J)/ll j (tk-l-.tl) = tk 1 / 17 (tk_l-tl).
Hence and from (3.58) we obtain n k-1 k-2 St(n, k) ~ tk/I!0 (tk-tl) -ti-1/1! 0 (tk-1 -tl)" (3.59) Further the proof of (3.54) goes in the same lines as the proof of (3.53). In the case when t: =j the estimations (3.57) and (3.59) .3 were known earlier (see, [19] ).
In the next propositio n we give some inequalities which hold for the moments of the function M0, k. The method of the proof of these inequalities is the same as the method given in [12] . For this reason it is omitted. 
